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Abstract
In the scientific literature there are basically two schools of formulating Lagrangian (or Hamil-
tonian) mechanics in the (Lie) algebroid setting: in terms of prolongations and in terms of Tul-
czyjew triples. Despite the fact that in both approaches we describe the same phenomena, so far
no comparison between prolongations and Tulczyjew triples was made. In this note we aim to fill
this gap. More precisely, we will strip the prolongation approach to uncover the Tulczyjew triple
reality hidden inside, thus proving that the latter approach is a more basic one.
Keywords: Lie algebroid, prolongation, geometric mechanics, Tulczyjew triple, double vector
bundle
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1 Introduction
A bit of history The career of algebroids in mechanics was originated by Weinstein [Wei96] (see
also [Lib96]) who posted a problem of formulating Analytic Mechanics in the language of Lie al-
gebroids. The first solution was due to Martínez [Mar99, Mar01] who adopted much earlier ideas
of J. Klein [Kle62] by using prolongations of Lie algebroids introduced in [HM90] (under the name
induced or inverse-image algebroids). This point of view soon spread among researchers working in
Geometric Mechanics which resulted in translating almost every aspect of the classical theory (vako-
nomic and nonholonomic constraints, Hamilton-Jacobi theory, controls, higher order systems, etc.)
into this new geometric setting (see [Mar07, CdLMM09, IMMdDS08, Col17] to name just a few ref-
erences). Another approach to original Weinstein’s problem, which can be traced back to the ideas
of Tulczyjew [Tul76a, Tul76b], appeared in [GGU06]. Is makes use of the structure called a Tulczy-
jew triple, and also has been widely adopted in various aspects of mechanics and field theory – see
[GG13].
Two approaches to Geometric Mechanics As mentioned above, there are basically two schools
of formulating the Hamiltonian and the Lagrangian dynamics on algebroids. In the Tulczyjew triple
approach one encodes the algebroid structure on a vector bundle σ : E → M as canonical double
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2 Tulczyjew triples vs. prolongations
vector bundle morphisms Λ˜E∗ : T
∗E∗ → TE∗ and EE : T
∗E → TE∗. These, together with
the differential of a proper generating function dH : E∗ → T∗E∗ (in the Hamiltonian case) or
dL : E → T∗E (in the Lagrangian case), are used to generate the phase dynamics, i.e a differential
equation for a curve of momenta – see (2.4).
In contrast, the prolongation approach makes use of the E∗- and E-prolongations of the ini-
tial algebroid, i.e. bundles T E
∗
σ : T E
∗
E → E∗ and T Eσ : T EE → E, in the Hamilto-
nian and Lagrangian cases, respectively. In the first case there exists a canonical non-degenerate
2-form ΩE ∈ Sec(Λ
2(T E
∗
E)∗), which is used to formulate the equations of motion in the sym-
plectic terms. In the Lagrangian case one pull-backs ΩE via T
λLE : T EE → T E
∗
E – the
prolongation of the Legendre map λL : E → E
∗ (i.e. the vertical derivative of the Lagrangian
L : E → R). The related dynamics is formulated as a presymplectic dynamics related with this
pull-back ωL := (T
λLE)∗ΩE ∈ Sec(Λ
2(T EE)∗). Note that ωL is non-canonical (it depends on L)
and possibly degenerated.
Motivations and purposes It seems that the two presented approaches are of different geometric
nature. It may though come as a surprise that they actually lead to the same equations of motion. It is,
however, much more surprising that so far no one explained why it is so! In fact, researchers working
in the field usually favor one approach (depending on their background) and refer to the competitive
one by checking if local expressions match in both cases. In this work we aim to understand what
is a geometric relation between the Tulczyjew triple and the prolongation approaches to me-
chanics on algebroids. In other words, we want to understand why the obtained equations are the
same, rather than just conclude that they do. As Geometric Mechanics is already well-established it
seems that our work will have little impact on future research, yet we feel that this is a problem should
be addressed for the consistency of the theory, but was somehow overlooked by the community.
Our results Our solution to the problem formulated above is quite simple and requires only a basic
understanding of the notion of a prolongation. Given a fibration π : P → M , one constructs T PE
– the E-tangent bundle of P , which is a subject to a canonical embedding iP : T
PE →֒ E ×M TP
as a vector subbundle over P . The dual of this embedding gives rise to a vector bundle morphisms
(iP )
∗ : E∗×T∗P → (T PE)∗. Now in the construction of Hamiltonian equations in the prolongation
approach we actually use the vector bundle isomorphism (Ω˜E)
−1 : (T E
∗
E)∗ → T E
∗
E induced by
the inverse of ΩE . This, in turn, gives rise to a map (iE∗)
∗ ◦ (Ω˜E)
−1 ◦ iE∗ : E
∗×T∗E∗ → E×TE∗
which has a simple interpretation in terms of the Hamiltonian part of the Tulczyjew triple Λ˜E∗ :
T∗E∗ → TE∗ (Theorem 3.3). Actually, spaces E∗ and E in the domain and co-domain of the
composition (iE∗)
∗ ◦ (Ω˜E)
−1 ◦ iE∗ are not important from the point of view of mechanics and we are
left with the bare DVB morphisms Λ˜E∗ (i.e., the Hamiltonian side of the Tulczyjew triple).
The Lagrangian formalism in the prolongation approach is formulated in terms of a 2-form ωL
introduced above. With ωL me may associate the related vector-bundle morphism ω˜L : T
EE →
(T EE)∗ and the dynamics is generated by the differential of the energy function dEL : E → T
∗E.
The presence of the later can be explained as a naturally induced by the Legendre map λL from
the differential of the Lagrangian dL : E → T∗E (Lemma 3.6). This observation, together with
the above results about the Hamiltonian formalism, allows to recognize the Lagrangian side of the
Tulczyjew triple EE : T
∗E → TE∗ hidden inside the formalism (Theorem 3.8).
A rough summary of the above results would be the following. The Tulczyjew triple approach is
hidden inside the prolongation approach. It can be recovered by restricting and projecting maps Ω˜E
and ω˜L to the proper “legs” of the prolongations T
E∗E and T EE. This proves that the Tulczyjew
triple approach is a more fundamental one – see discussion in Section 4.
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Final remarks After introduction of basic concepts and definitions in Subsection 1.1, we give a
brief description of the Tulczyjew triple approach in Section 2 based mostly on [GGU06]. The treat-
ment of prolongations and the related approach to geometric mechanics in Section 3 is based in
principle on [CDLM+06], yet at some points of the presentation, where we think that the theory can
be simplified, we decided to detour from this survey. We claim originality for Lemma 3.1 (it seems
to us that such a characterization of the algebroid structure on the prolongation was not present in
the literature), Theorem 3.3 (although the coordinate formula of Ω˜E appeared in [LMM05]), Theo-
rem 3.8, and an alternative formulation of mechanics in terms of the prolongation Tulczyjew triple in
Subsection 3.4 (the triple itself was, however, known to [LMM05]).
To keep this work concise we omitted proofs if they can be found in the literature, discussing
examples and giving coordinate descriptions. The quoted references will provide plenty of each for
an interested reader.
1.1 Preliminaries: double vector bundles and algebroids
Basic geometric objects In the course of our considerations we will be working with a vector
bundle (VB, in short) σ : E → M and its dual σ∗ : E∗ → M . An application of the tangent T or
the cotangent T∗ functor to either of these makes them examples of double vector bundles (DVBs, in
short). We will not need any specific properties of such objects (an interested reader should consult
[KU99, GR09]) – for our purposes it is enough to know that a DVB is a pair of naturally compatible
VB structures sharing the same total space. For instance, on TE the related structures are: the tangent
bundle structure τE : TE → E and the tangent lift of the initial VB structure Tσ : TE → TM .
In the case of T∗E (and similarly T∗E∗) one of these two VB structures is the cotangent fibration
τ∗E : T
∗E → E. The second one, denoted υE : T
∗E → E∗, seems not so obvious at first. We
may interpret it as the vertical derivative, namely if f : E → R is a smooth function representing a
covector df(e) ∈ T∗eE, then its image under υE evaluated on an element e
′ ∈ Eτ(e) is the derivative
of f in the direction of a vertical vector Vee
′ ∈ TeE. That is,
〈
υE(df(e)), e
′
〉
= Vee
′(f)
df
=
d
dt
∣∣∣
t=0
f(e+ te′) .
For convenience we shall denote the vertical (fiber-wise) derivative by dVf := υE(df).
The canonical DVB isomorphism Interestingly, spacesT∗E andT∗E∗ are canonically isomorphic
as DVBs. The construction of this isomorphism, denoted RE : T
∗E → T∗E∗, is based on the
following construction of a Lagrangian submanifold on the cotangent bundle. Let Q be a smooth
manifold, C ⊂ Q a smooth submanifold, and f : C → R a smooth function. Define the set
Cf := {θ ∈ T
∗Q | τ∗Q(θ) ∈ C, θ
∣∣
TC
= df} ,
consisting of all covectors in T∗Q which behave as df when restricted to TC . The restriction of
the cotangent projection π := τ∗Q
∣∣
Cf
: Cf → C makes Cf an affine bundle over C modeled on the
annihilator subbundle Ann(TC) ⊂ T∗Q
∣∣
C
. It is well-known that Cf is a Lagrangian submanifold in
T∗Q (note that the tautological 1-form θQ ∈ Ω
1(T∗Q) restricted to Cf is simply θQ
∣∣
Cf
= π∗df ).
Now consider the above construction of Cf for Q := E × E
∗, C := E ×M E
∗ and f :=
〈
·, ·
〉
:
E ×M E
∗ → R being the canonical pairing. We define the graph ofRE to be the related Lagrangian
submanifold, i.e. graph(RE) := Cf ⊂ T
∗(E × E∗) ≃ T∗E × T∗E∗. We conclude that RE is also
an anti-symplectomorphism. In the course of this paper we will use the fact that RE intertwines the
“legs” of DVBs T∗E and T∗E∗, i.e.
(1.1) υE∗ ◦ RE = τ
∗
E : T
∗E → E and τ∗E∗ ◦ RE = υE : T
∗E → E∗ .
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Almost-Lie algebroids The fundamental definition of this note is the following one.
Definition 1.1. An almost-Lie algebroid (AL algebroid, in short) structure on a VB σ : E → M is
constituted by a VB map ρ : E → TM over idM (the anchor) and a skew-symmetric R-bilinear
operator [·, ·] : Sec(E)× Sec(E)→ Sec(E) (the bracket) satisfying the following Leibniz rule
(1.2) [e, f · e′] = f [e, e′] + ρ(e)f · e′ ,
and the condition of compatibility between the anchor and the bracket
(1.3) ρ[e, e′] = [ρ(e), ρ(e′)]TM
for any e, e′ ∈ Sec(E) and f ∈ C∞(M). Here [·, ·]TM denotes the standard Lie bracket of vector
fields onM .
Typically in geometric mechanics one works with Lie algebroids, which are AL algebroids with
the bracket additionally satisfying the Jacobi identity. In our considerations the Jacobi identity will
play no role, so we chose to work in greater generality. However, we cannot get rid of axiom (1.3),
which is necessary to equip the prolongation of an algebroid with the canonical algebroid structure
(see Lemma 3.1). On the other hand, more general classes of algebroid structures were introduced in
[GU99].
Algebroids as derivations In the prolongation approach to geometric mechanics another charac-
terization of an algebroid structure is frequently used.
Proposition 1.2. An AL algebroid structure (σ : E →M,ρ, [·, ·]) can be equivalently characterized
as a degree-one derivation dE in the graded algebra of E-forms (Sec(Λ•(E∗)),∧). It is determined
by its action on zero and one E-forms by the following generalization of the Cartan formula
(1.4) dEf(e) := ρ(e)f and dEξ(e, e′) := ρ(e)
〈
ξ, e′
〉
− ρ(e′)
〈
ξ, e
〉
−
〈
ξ, [e, e′]
〉
.
Here f ∈ C∞(M), e, e′ ∈ Sec(E), and ξ ∈ Sec(E∗).
It is well-known that a Lie algebroid structure corresponds to the case of a homological derivation,
i.e. dEdE = 0. On the other hand, axiom (1.3) is equivalent to a condition that dEdEf ≡ 0 for every
function f ∈ C∞(M).
The above characterization allows for an elegant definition of a morphism in the category of alge-
broids.
Definition 1.3. Let (σ : E → M,ρ, [·, ·]) and (σ′ : E′ → M ′, ρ′, [·, ·]′) be two AL algebroids. We
say that a VB map ψ : E → E′ is an algebroid morphism if the induced map ψ∗ : Sec(Λ•(E′)∗) →
Sec(Λ•(E∗)) commutes with the derivations dE and dE
′
, i.e.
ψ∗(dE
′
Ξ) = dE(ψ∗Ξ) ,
for every Ξ ∈ Sec(Λk(E′)∗), k = 0, 1, 2, . . .. Actually, it suffices to check this condition only for
k = 0, 1.
In particular, axiom (1.3) can be viewed as the condition that the anchor ρ is an algebroid mor-
phism between σ : E →M endowed with the original algebroid structure and τM : TM →M with
the canonical tangent bundle algebroid structure.
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Algebroids as linear bi-vector fields On the other hand, in the Tulczyjew triple approach to me-
chanics the following point of view is useful.
Proposition 1.4 ([GU99]). An AL algebroid structure (σ : E → M,ρ, [·, ·]) can be equivalently
characterized as a bi-vector field ΛE∗ ∈ X
2(E∗). It is determined by the following formulas
(1.5) ΛE∗(dιe, (σ
∗)∗df) := (σ∗)∗(ρ(e)f) and ΛE∗(dιe,dιe′) := ι[e,e′] .
Here ιe, ιe′ and ι[e,e′] are linear functions on E
∗ induced by sections e, e′, [e, e′] ∈ Sec(E), respec-
tively (i.e. ιe(ξ) =
〈
ξ, e
〉
); and f ∈ C∞(M) is an arbitrary smooth function onM .
Let us remark that the above bi-vector ΛE∗ is linear in the sense that the related map
Λ˜E∗ : T
∗E∗ −→ TE∗ ,
defined as Λ˜E∗(θ) := θyΛE∗ , is a DVB morphism. Lie algebroids are characterized by the condition
that ΛE∗ is a linear Poisson structure.
2 Geometric mechanics via Tulczyjew triples
The Hamiltonian side The construction of the Hamiltonian dynamics on the dual bundle σ∗ :
E∗ → M of an algebroid makes a direct use of the DVB morphism Λ˜E∗ introduced above. Given
a Hamiltonian, i.e. a smooth function H ∈ C∞(E∗) we define the related Hamiltonian vector field
~XH ∈ X(E
∗) by
(2.1) ~XH := Λ˜E∗(dH) = dHyΛE∗ .
Integral curves of this field are trajectories of our system, i.e. ξ : [0, T ] → E∗ is a Hamiltonian
trajectory if
ξ˙(t) = Λ˜E∗(dH(ξ(t))) for every t ∈ [0, T ].
The Lagrangian side The Lagrangian dynamic on an algebroid can also be understood in the lan-
guage of natural DVB morphisms. By composing the canonical DVB isomorphism RE : T
∗E →
T∗E∗ with Λ˜E∗ : T
∗E∗ → TE∗ one obtains a DVB morphism EE := RE ◦ Λ˜E∗ : T
∗E → TE∗,
which, in fact, provides an alternative characterization of the algebroid structure on σ : E →M – see
[GU99]. This morphism, in the presence of a Lagrangian – a smooth function L ∈ C∞(E) – allows
us to give a geometric formulation of the Lagrangian dynamics on σ. Namely, a curve γ : [0, T ] → E
defines the phase dynamics if
(2.2)
d
dt
dVL(γ(t)) = EE(dL(γ(t))) for every t ∈ (0, T ).
Perhaps it is best to visualize this equation on the following diagram, where solid arrows come from
the geometry of the algebroid structure on σ, the dashed one comes from the Lagrangian, and the
dotted one from the trajectory.
(2.3) T∗E
EE //
τ∗
E

υE
""❉
❉❉
❉❉
❉❉
❉❉
TE∗
τE∗

[0, T ]
γ // E
dL
AA
✸
✤
☛
E∗
= // E∗
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Starting from [0, T ]wemove right either by the upper road EE(dL(γ)) or by the lower one υE(dL(γ)) =
dVL(γ). Equation (2.2) means that these two ways are consistent, i.e. the tangent lift of the lower
path is precisely the upper one.
Let us end by making a few remarks about equation (2.2):
• In diagram (2.3) we pass from E to E∗ by means of the Legendre map, i.e. the vertical deriva-
tive of the Lagrangian υE(dL) = dVL : E → E
∗.
• From the physical point of view equation (2.2) should be understood as the phase dynamics,
i.e. as an equation for the curve of momenta dVL(γ(t)) ∈ E
∗. Of course it can be also viewed
as the Euler-Lagrange equation, i.e. equation for the trajectory γ(t) ∈ E, which is, however,
of implicit nature, as conditions imposed on the velocity γ˙(t) are indirect. Only when the
Legendre map is a (local) diffeomorphism one can make these conditions explicit.
• Equation (2.2) guarantees that a trajectory γ : [0, T ]→ E is automatically an admissible curve,
i.e.
ρ(γ(t)) =
d
dt
σ(γ(t)) for every t ∈ (0, T ).
This follows from the fact that the DVB morphism EE projects to a VB map ρ : E → TM
under τ∗E and Tσ
∗.
• In general, the dynamics (2.2) is not determined by the image of the Lagrangian submanifold
dL(E) ⊂ T∗E under EE . More precisely, unless the Legendre map is a local diffeomorphism,
condition ddtdVL(γ(t))) ∈ EE(dL(E)) is weaker than equation (2.2). To formulate the latter
we need to know the actual composition dL ◦ EE : E → TE
∗, not only its image. This is not
the case for the Hamiltonian dynamics, where to every element in E∗ corresponds precisely
one element in Λ˜E∗(dH(E
∗)) ⊂ TE∗.
• The last observation explains why Lagrangian and Hamiltonian formalisms are non-equivalent
for non-regular Lagrangians. Another argument: in a general case the Lagrangian submanifold
dL(E) ⊂ T∗E is not mapped via RE to a submanifold of the form dH(E
∗) ⊂ T∗E∗ – cf.
Lemma 3.6.
• Equation (2.2) describes a true dynamics on an algebroid, i.e. it not only looks similar to the
standard Euler-Lagrange equation in local coordinates, but it is actually an equation for critical
trajectories of a naturally defined action functional. In this context the appearance of the DVB
morphism EE in (2.2) is not surprising – it can be interpreted as a dual map to a relation which
describes admissible variations (see [GG08] for details).
The full Tulczyjew triple Both Lagrangian and Hamiltonian formalisms discussed above can be
represented on a single commutative diagram, with the Lagrangian side on the left, Hamiltonian side
on the right and the phase dynamics in the middle. All the upper arrows are DVB morphisms. The
(Lagr) and (Ham) solid legs of the diagram are isomorphic by means of RE . The dashed maps are
induced by the Lagrangian and the Hamiltonian functions and they are responsible for generating the
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respective dynamics.
(2.4) T∗E
EE //
τ∗E

υE
$$❍
❍❍
❍❍
❍❍
❍❍
RE
≃
**
TE∗
τE∗

T∗E∗
Λ˜E∗oo
τ∗
E∗

E
dL
AA
✸
✤ ☛
E∗
= // E∗ E∗
=oo
dH
]]
☛
✤
✸
(Lagr) (Dyn) (Ham)
An analogous diagram for the special case of the tangent algebroid E = TM was discovered by
Tulczyjew [Tul76a, Tul76b], hence the name – Tulczyjew triple.
3 A comparison with the prolongation approach
3.1 On prolongations
Let us briefly recall the construction of a prolongation of an algebroid and its basic properties.
The E-tangent bundle of a fibration Let (σ : E → M,ρ, [·, ·]) an AL algebroid and let π : P →
M be a fibration. By the E-tangent bundle of π we shall understand the bundle T Pσ : T PE → P ,
where T PE := {(e,X) ∈ Epi(p) × TpP | ρ(e) = Tπ(X), p ∈ P} is the pull-back space and
T Pσ := ρP ◦ τP is the natural projection:
(3.1) T PE
ρP //❴❴❴❴❴❴
piE
✤
✤
✤
T P σ
))
TP
Tpi

τP // P
E
ρ // TM .
Here ρP : T PE → TP and πE : T
PE → E are the projections closing the diagram.
The fiber (T PE)p at p ∈ P consists of pairs (e,X) ∈ Epi(p)×TpP such that ρ(e) = Tπ(X). By
iP := (πE , ρ
P ) : T PE →֒ E ×M TP we shall denote the related canonical inclusion. In fact, the
E-tangent bundle of π is naturally a DVB, with the latter inclusion being a DVB morphism.
Observe further, that ρP makes T Pσ an anchored bundle. We shall see shortly that T Pσ carries
a natural AL algebroid structure inherited from the AL algebroid structure on σ, such that ρP is the
corresponding anchor map, and that πE is an algebroid morphism. To show this we will first take a
look at the dual bundle (T Pσ)
∗
: (T PE)∗ → P .
The dual of the E-tangent bundle The construction of the dual bundle of T Pσ can be easily
performed by applying the duality functor to diagram (3.1). That is, the total space (T PE)∗ is the
8 Tulczyjew triples vs. prolongations
following push-out1
(3.2) (T PE)∗ T∗P
(ρP )
∗
oo❴ ❴ ❴ ❴ ❴ ❴
E∗
(piE)
∗
OO✤
✤
✤
T∗M .
ρ∗oo
(Tpi)∗
OO
Wemay thus represent elements of the fiber (T PE)∗p as sums (πE)
∗ξ+(ρP )
∗
θ, where ξ ∈ E∗
pi(p) and
θ ∈ T∗pP . The pairing between such an element and a vector (e,X) ∈ (T
PE)p reads simply as
〈
(πE)
∗ξ + (ρP )
∗
θ, (e,X)
〉
=
〈
ξ, πE(e,X)
〉
+
〈
θ, ρP (e,X)
〉
=
〈
ξ, e
〉
+
〈
θ,X
〉
.
In other words, the dual of the canonical inclusion TP ∗ : E∗M ×T
∗P → (T PE)∗ is an epimorphism
with the kernel consisting of elements of the form (ρ∗α,−(Tπ)∗(α)) for α ∈ T∗M .
The algebroid structure on T PE As was mentioned above T Pσ : T PE → P carries the canon-
ical algebroid structure. We choose the following (non-standard) characterization of this structure
which in our opinion nicely clarifies the idea standing behind the prolongation and emphasizes the
role of the almost-Lie condition (cf. [JR17, Ex. 2.30] for another proof emphasizing the role of the
AL condition).
Lemma 3.1. Let (σ : E → M,ρ, [·, ·]) be an AL algebroid structure, and let π : P → M be
a fibration. Then there is a unique AL algebroid structure on T Pσ : T PE → P such that maps
ρP : T PE → TP and πE : T
PE → E are algebroid morphisms.
Sketch of the proof. The idea of the proof is quite simple – we will show that our assumptions on ρP
and πE fully determine the degree-one derivation d
T PE on the space of T PE-forms (cf. Proposi-
tion 1.2).
For every smooth functions f ∈ C∞(P ) we have f = (ρP )
∗
f (base functions on T Pσ : T PE →
P and τP : TP → P are the same). Now since we want ρ
P to be an algebroid morphism necessarily
(cf. Definition 1.3)
dT
PEf = dT
PE
[
(ρP )
∗
f
]
= (ρP )
∗
(df) .
Thus, according to formula (1.4), ρP must be the anchor map of the algebroid structure on T PE.
Further, since (iP )
∗ : E∗ ×M T
∗P → (T PE)∗ is an epimorphism, it induces a natural epimor-
phism at the level of sections
(iP )
∗ : C∞(P )⊗ Sec(E∗)× Ω1(P )→ Sec((T PE)∗) .
It follows that every one-T PE-form Ξ can be presented (non-uniquely!) as
(3.3) Ξ =
∑
i
fi · (πE)
∗ei + (ρP )
∗
θ ,
for some functions fi ∈ C
∞(P ), sections ei ∈ Sec(E∗) and a one-form θ ∈ Ω1(P ).
1Below the arrows actually represent relations not maps – in general a dual of a VB morphism, such as ρ∗ and (Tpi)∗ is
not a map, but a differential relation linear on fibers.
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Since we require that πE and ρ
P are algebroid morphisms, by Definition 1.3 we have to define
dT
PEΞ :=
∑
i
dT
PE
[
fi(πE)
∗ei
]
+ dT
PE
[
(ρP )
∗
θ
]
=
∑
i
dT
PEfi ∧ (πE)
∗ei +
∑
i
fi(πE)
∗
[
dEei
]
+ (ρP )
∗
[dθ] =
∑
i
(ρP )
∗
dfi ∧ (πE)
∗ei +
∑
i
fi(πE)
∗
[
dEei
]
+ (ρP )
∗
[dθ] .
(3.4)
As we see, the derivation dT
PE is fully determined by ρP , dE and the de Rham derivative d on P . It
suffices to check that the value of dT
PEΞ does not depend on the choice of the decomposition (3.3).
This is where axiom (1.3) comes into play. Computational details can be found in Appendix A.
When referring to bundle T Pσ : T PE → P with the above algebroid structure, we shall use the
term the P -prolongation of an algebroid E.
Morphism of prolongations Maps between fibrations induce natural algebroid morphisms between
the related prolongations of a given algebroid.
Lemma 3.2. Let (σ : E → M,ρ, [·, ·]) be an AL algebroid, let π : P → M and π′ : P ′ → M
be fibrations, and let ψ : P → P ′ be a morphism of these fibrations over idM . Define a map
T ψE : T PE → T P
′
E as the universal closure of the diagram
T PE
piE

ρP //
T ψE
))✐ ❤
❢ ❞ ❜ ❛
❴ ❪ ❭ ❩ ❳ ❱ ❯
TP
Tψ
))
Tpi

T P
′
E
pi′E

ρP
′
// TP ′
Tpi′

E
ρ //
=
55TM E
ρ // TM ,
i.e. T ψE(e,X) = (e,Tψ(X)) for every (e,X) ∈ T PE.
Then T ψE is an algebroid morphism.
Proof. This follows immediately from the fact that the tangent map Tψ : TP → TP ′ is a morphism
of tangent algebroids and the characterization of algebroid prolongations from Lemma 3.1.
3.2 Hamiltonian mechanics
It will be easier to start our comparison of the Tulczyjew triple and the prolongation approaches to
geometric mechanics from the Hamiltonian side of the picture.
Hamiltonian mechanics in the prolongation approach For this end, T E
∗
σ : T E
∗
E → E∗, the
E∗-prolongation of the algebroid σ : E → M will be of crucial importance. It turns out that the
bundle T E
∗
σ is equipped with the canonical non-degenerate 2-form ΩE ∈ Λ
2((T E
∗
E)∗) defined by
ΩE := −d
T E
∗
EµE ,
where µE ∈ Sec((T
E∗E)∗), given by µE(ξ)(e,X) :=
〈
ξ, e
〉
, is called the tautological 1-form.
Let now H ∈ C∞(E∗) be a smooth function (the Hamiltonian). The related Hamiltonian section
ΞH ∈ Sec(T
E∗E) is defined as the unique solution (recall that ΩE is non-degenerate) of the equation
(3.5) ιΞHΩE = d
T E
∗
EH .
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(Here we treatH as a basic function on the prolongation T E
∗
σ : T E
∗
E → E∗.) The TE∗-projection
of ΞH , i.e. ρ
E∗(ΞH), defines the Hamiltonian dynamics.
Tulczyjew triple interpretation Let us take a second look at equation (3.5). On the right-hand side
we have an algebroidal derivation of a function. From (1.4) we conclude that for any (e,X) ∈ T E
∗
E
we have
dT
E∗EH(e,X) = ρE
∗
(e,X)H = X(H) =
〈
dH,X
〉
where in the last expression H is again understood as a function on E∗, not the whole T E
∗
E. In
other words, we have dT
E∗EH = (iE∗)
∗(0,dH) ∈ (T E
∗
E)∗. Next note that ΩE defines a VB
isomorphism Ω˜E : T
E∗E → (T E
∗
E)∗. Now the Hamiltonian section can be interpreted as the
image of (iE∗)
∗(0,dH) under the inverse of this isomorphism:
(3.6) ΞH =
(
Ω˜E
)−1
(iE∗)
∗(0,dH) .
The following result shows that under the canonical identification iE∗ , the isomorphism (Ω˜E)
−1 is
just a simple extension of the map Λ˜E∗ induced by the linear bi-vector structure ΛE∗ on E
∗ (cf.
Proposition 1.4).
Theorem 3.3. The composition
E∗ ×M T
∗E∗
(iE∗)
∗
// (T E
∗
E)∗
(Ω˜E)
−1
// T E
∗
E
iE∗ // E ×M TE
∗ ,
reads as
(3.7) (ξ, θ) 7−→ (υE∗(θ), Λ˜E∗(θ)−Vξ) .
Here υE∗ : T
∗E∗ → E is the canonical projection to the second leg of the DVB T∗E∗; Λ˜E∗ :
T∗E∗ → TE∗ is a DVB morphism corresponding to the linear bi-vector structure on E∗; and Vξ
stands for a vertical vector field E∗ ∋ η 7→ Vηξ =
d
dt
∣∣
t=0
(η + tξ) ∈ TηE
∗.
It follows that the Hamiltonian section for H ∈ C∞(E∗) reads as
(3.8) ΞH =
(
υE∗(dH), Λ˜E∗(dH)
)
= (dVH,
~XH) .
The proof is just a matter of computation – see Appendix A. Actually, the coordinate formula for
Ω˜E can be found in [LMM05].
Let us summarize our considerations. Formula (3.8) ensures us that the Hamiltonian evolutions
obtained in both approaches are the same, i.e. ~XH = ρ
E∗(ΞH). In fact in the prolongation approach
we additionally calculate the vertical derivative of the Hamiltonian. Moreover, formula (3.7) in The-
orem 3.3 shows how the Hamiltonian side of the Tulczyjew triple (i.e., the DVB map Λ˜E∗) “sits”
inside the 2-form ΩE . In fact, we may think of (Ω˜E)
−1 as an extension of Λ˜E∗ .
Remark 3.4. Let us remark that if we change the object which generates the dynamics in (3.6) by
adding a “force field”; i.e. instead of (0,dH) we take (ξ,dH), where ξ : E∗ → E∗ is a map over
idM ; then the resulting dynamics changes to ~XH − Vξ. This can be interpreted as a Hamiltonian
system with external forces.
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3.3 Lagrangian mechanics
The construction of the Lagrangian formalism in the prolongation approach tries to mimic the struc-
tures present in the Hamiltonian formalism, yet this time one shall work with T Eσ : T EE → E –
the E-prolongation of σ : E → M – instead of T E
∗
σ. Given a Lagrangian L ∈ C∞(E) one aims
to construct a 2-form ωL ∈ Sec(Λ
2(T EE)∗) (it will depend on L) and then formulates the dynamics
in a form similar to (3.5). The original construction of ωL from [Mar01] is quite complicated as it
generalizes an analogous construction from Klein’s paper [Kle62] which makes extensive use of the
canonical almost-tangent structure on the tangent bundle. Instead, we prefer the following simplified
approach.
Lagrangian mechanics in the prolongation approach We shall use the Legendre map related with
L, i.e. λL := dVL : E → E
∗. It gives rise to the related map on prolongations T λLE : T EE →
T E
∗
E. Now we can define the energy EL ∈ C
∞(E) and the desired 2-form ωL ∈ Sec(Λ
2(T EE)∗)
by
EL(e) :=
〈
λL(e), e
〉
− L(e) and ωL := (T
λLE)∗ΩE .
We say that a curve γ : [0, T ]→ E is a solution of the Euler-Lagrange equations if
(3.9) ι(γ(t),γ˙(t))ωL = d
T EEEL(γ(t)) for every t ∈ (0, T ).
So the basic idea here is to pull-back the symplectic form ΩE from T
E∗E to T EE by means of the
Legendre map and to change the generating object of the dynamics from the Lagrangian L to the
energy EL. This is completely analogous to the original Weinstein’s treatment of regular Lagrangian
systems in [Wei96]. Quite surprisingly here this approach works well also in a non-regular case.
However, a priori it is not clear if equation (3.9) describes the same curves as equation (2.2).
Relation with the Tulczyjew triple Now we shall study the geometry behind equation (3.9) and its
relations with the Tulczyjew triple approach.
By the same argument as in the Hamiltonian case, we actually have dT
EEEL = (iE)
∗(0,dEL).
On the other hand, by construction the morphism ω˜L : T
EE → (T EE)∗, naturally induced by
the two-form ωL, is defined as the dashed arrow closing the following diagram of maps between
prolongations (for convenience we also marked two legs of the respective pull-back or push-out).
(3.10)
T E
∗
E
{{✈✈
✈✈
✈✈
✈✈
✈
""❊
❊❊
❊❊
❊❊
❊❊
(T E
∗
E)∗
(Ω˜E)
−1
≃
oo
(T λLE)∗

TE∗ E E∗
::✉✉✉✉✉✉✉✉✉
=

T∗E∗
ee❑❑❑❑❑❑❑❑❑
(TλL)
∗

T EE
{{✇✇
✇✇
✇✇
✇✇
✇✇
T λLE
OO
!!❉
❉❉
❉❉
❉❉
❉❉
❉
ω˜L //❴❴❴❴❴❴❴❴❴❴❴❴ (T EE)∗
[0, T ]
Tγ //
γ
66TE
TλL
OO
E
=
OO
E∗
;;✈✈✈✈✈✈✈✈✈
T∗E
(ρE)∗
ee❏❏❏❏❏❏❏❏❏❏
[0, T ] .
dEL(γ)oo
0
ii
When formulating equation (3.9) we basically “feed” this diagram by a pair of curves γ ◦ (0,dEL) :
[0, T ] → E × T∗E in the bottom-right corner; and a pair of curves (γ, γ˙) : [0, T ] → E × TE in
the bottom-left corner (dotted arrows) and demand that the resulting curves are compatible. Now, the
result below follows directly from formula (3.7) and simple diagram chasing.
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Proposition 3.5. A curve γ : [0, T ] → E is a solution of equation (3.9) if and only if for every t ∈
[0, T ] there exists an element θt ∈ T
∗E∗ such that dEL(γ(t)) = (TλL)
∗θL and (γ(t),TλL(γ˙(t))) =(
(iE∗)
∗ ◦ Ω˜E
−1
◦ iE∗
)
(0, θt). By the results of Theorem 3.3 this translates as
dEL(γ(t)) = (TλL)
∗θt ,(3.11)
γ(t) = υE∗(θt) ,(3.12)
TλL(γ˙(t)) = Λ˜E∗(θt) .(3.13)
To see that equations (3.11)–(3.13) are equivalent to equation (2.2) (understood as an equation for
γ : [0, T ] → E) we will need the following two lemmata.
Lemma 3.6. The following diagram commutes
(3.14) T∗E∗
(TλL)
∗

T∗E
REoo
T∗E E .
dL
OO
dELoo
A simple proof is moved to Appendix A.
Lemma 3.7. An element θt := RE(dL(γ(t))) is the unique element in T
∗E∗ which satisfies (3.11)
and (3.12).
Proof. The fact that such a θt satisfies (3.11) and (3.12) is obvious: (3.11) follows from the commu-
tativity of (3.14), while (3.12) from (1.1): υE∗(RE(dL(γ(t)))) = τ
∗
E(dL(γ(t))) = γ(t).
Now any other element with these properties would be of the form θt+θ
′, where θ′ ∈ T∗
λL(γ(t))
E∗
is such that υE∗(θ
′) = 0 and θ′ ∈ Ann(TλL
∣∣
γ(t)
). It takes an easy coordinate calculation to show
that such a θ′ must be a null covector.
Finally we are ready to close our considerations about the Lagrangian formalism in the prolonga-
tion approach.
Theorem 3.8. Equations (2.2) and (3.9) are equivalent. More precisely, the prolongation approach
to Lagrangian mechanics “hides” inside itself the following diagram:
(3.15) TE∗ T∗E∗
Λ˜E∗oo
(TλL)
∗
✤
✤
✤
❴ ❴ ❴✤
✤
✤
✤
❴ ❴ ❴T
∗E
REoo
EE
uu
[0, T ]
Tγ // TE
TλL
OO✤
✤
✤
T∗E E
(3.14)
dELoo❴ ❴ ❴ ❴ ❴ ❴ ❴
dL
OO✤
✤
✤
[0, T ] .
γoo
Proof. By Lemma 3.7 we know that under (3.11) and (3.12), necessarily θt = RE(dL(γ(t))) and
thus (3.13) reads as
d
dt
dVL(γ(t)) = TλL(γ˙(t)) = Λ˜E∗(RE(dL(γ(t)))) = EE(dL(γ(t))) ,
and so (2.2) holds.
Diagram (3.15) is obtained from (3.7) after composing diagram (3.10) with diagram (3.14). By
definition EE := Λ˜E∗ ◦ RE , which explains the up-most arrow.
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As before, in diagram (3.15) the solid arrows are given by the geometry, the dashed ones by the
Lagrangian and the dotted ones by the actual curve. As we see, the Lagrangian side of the Tulczyjew
triple (2.4) “sits” inside the prolongation approach. Its presence is a priori not that obvious, as it
requires an addition of an extra T∗E-nod (the framed entry in (3.15)). In fact in the Tulczyjew
triple context it is much more natural to view (3.15) as the Lagrangian side of the Tulczyjew triple
(upper row and the dL arrow) sandwiched between two non-canonical maps: TλL and (TλL)
∗.
This explains the presence of the dEL-arrow as the natural closure of the diagram (this follows from
Lemma 3.6).
3.4 The prolongation Tulczyjew triple
The Hamiltonian formalism in the prolongation setting is quite elegant. On the other hand, the con-
struction of the Lagrangian formalism featured the usage of the Legendre map, which lead to a some-
how unnatural (non-canonical) construction (3.15). Such a dichotomy between the Lagrangian and
Hamiltonian formalisms is, however, not present in the Tulczyjew triple approach, where the passage
from the Hamiltonian to the Lagrangian formalism can be described as follows: we transform the
DVB T∗E∗ to T∗E via the canonical isomorphism RE , and then change the generating map of the
dynamics from dH : E∗ → T∗E∗ to dL : E → T∗E. There are a priori no obstructions to repeat
this procedure in the prolongation approach. This will eventually lead to an alternative formulation
of the Lagrangian formalism in the language of prolongations.
The canonical isomorphism on prolongations We shall begin by adopting the canonical isomor-
phism RE to the prolongation context.
Lemma/Definition 3.9. Spaces (T EE)
∗
and (T E
∗
E)
∗
are canonically isomorphic via the trivial
extension ofRE .
Proof. Recall from (3.2) that the spaces in consideration are characterized as push-outs of E∗ and,
respectively, T∗E and T∗E∗. Now, the latter spaces are isomorphic via RE , which additionally
preserves the inclusions T∗M →֒ T∗E and T∗M →֒ T∗E∗ (these are the cores of the respective
DVB structures – see [KU99]). As a result we obtain an isomorphism of push-outs R˜E : (T
EE)
∗
→
(T E
∗
E)
∗
canonically closing the following diagram:
(T EE)
∗
R˜E
**❤ ❣
❡ ❞ ❜ ❛
❴ ❪ ❭ ❩ ❨ ❲
T∗E
(ρE)
∗
✤lr
RE
**
(T E
∗
E)
∗
T∗E∗
(ρE
∗
)
∗
✤lr
E∗
=
55
(σE)
∗
❴LR
T∗M
=
44
ρ∗✤lr
(Tσ)∗
❴LR
E∗
((σ∗)E)
∗
❴LR
T∗M .
ρ∗✤lr
(Tσ∗)∗
❴LR
Another formulation of mechanics Our previous results immediately lead to the following.
Proposition 3.10. Define E˜E : (T
EE)
∗
→ T E
∗
E as the composition E˜E := R˜E ◦ (Ω˜E)
−1. Under
canonical identifications iE and iE∗ the map
E∗ ×M T
∗E
(iE)
∗
// (T EE)∗
E˜E // T E
∗
E
iE∗ // E ×M TE
∗ ,
reads as
(3.16) (ξ, θ) 7−→ (τ∗E(θ), EE(θ)−Vξ) .
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Obviously, we can use mappings (Ω˜E)
−1, E˜E and R˜E to build a prolongation analog of the
Tulczyjew triple and use it in the geometric formulation of mechanics analogous to the one in (2.4).
This construction appeared already in [LMM05], however only as a generalization of the classical
Tulczyjew triple, and not a framework of geometric mechanics.
Corollary 3.11. The prolongation Tulczyjew triple is the following commutative diagram consisting
in the upper row of DVB isomorphisms.
(T EE)
∗
R˜E
≃
++E˜E
≃
// T E
∗
E
ρE
∗
zzttt
tt
tt
tt
tt

(T E
∗
E)
∗(Ω˜E)
−1
≃
oo
T∗E

::✉✉✉✉✉✉✉✉✉✉
υE
%%❏❏
❏❏
❏❏
❏❏
❏❏
E∗
OO
TE∗

E E∗
::✈✈✈✈✈✈✈✈✈
T∗E∗
OO

E
dL
BB
✸
✤
☛
0
99t
t
t
t
t
t
E∗
= // E∗ E∗
=oo
dH
\\
☛
✤
✸
0
dd❏
❏
❏
❏
❏
(Lagr) (Dyn) (Ham)
Formulas (3.7) and (3.16) show that this structure is nothing more but a simple extension of the
Tulczyjew triple of the initial algebroid (2.4) (framed entries). A (disputable) gain is the fact that the
new triple consists of DVB isomorphisms, not just DVB morphisms.
The Lagrangian dynamics is generated by a map d˜L := (dL, 0) : E → T∗E ×M E
∗. That is
a curve γ : [0, t] → E is a solution of the EL equation if the composition ρE
∗
(E˜E(d˜L(γ))) is the
tangent prolongation of dVL(γ). In an analogous manner, the Hamiltonian dynamics is generated by
d˜H := (dH, 0) : E∗ → T∗E∗ ×M E
∗.
4 Conclusions
Our aim in this work was to discuss a geometric relation between the prolongation and Tulczyjew
triple approaches to Geometric Mechanics. Our study (in Theorem 3.3) reveals that in the Hamiltonian
case the prolongation approach is rooted on a simple extension of the DVBmorphism Λ˜E∗ : T
∗E∗ →
TE∗, which constitutes the Hamiltonian side of the Tulczyjew triple (2.4). In the Lagrangian case
(Theorem 3.8) we have a similar situation with the DVB morphism EE : T
∗E → TE∗, but the latter
is additionally sandwiched between the lifts of the Legendre map. (The latter step can be avoided –
see Proposition 3.10.) Since the Tulczyjew triple is present inside the prolongation approach, and not
vice versa, it is clear that the former approach is primary to the latter. Other arguments also favor the
Tulczyjew triple approach:
• The main gain of using the prolongation approach is that it allows to formulate the equations
in (pre)symplectic terms. Yet this comes at a price of extending the space, say, from TE∗ to
T E
∗
E , and at the end of the day we need to project the (pre)symplectic dynamics back to
TE∗, so actually the (pre)symplecicity is lost.
• To build an algebroid structure on the prolongation (which is used in equations (3.5) and (3.9))
we need the initial algebroid structure to be of class almost-Lie. This follows directly from
the proof of Lemma 3.1. On the other hand, the Tulczyjew triple approach allows for a direct
generalization for a much wider class of general algebroids – see [GGU06].
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• Equation (2.2) actually deconstructs the process of calculating the Euler-Lagrange equations
from the variational principle. Indeed, map EE can be interpreted as a geometric counterpart
of the procedure of extracting a generator (virtual displacement) from a variation, and the con-
dition of the compatibility of curves EE(dL(γ)) and dVL(γ) corresponds to the procedure of
integration by parts – see [GG08] and also [JR14]. Such an interpretation is not present or at
least not known in the case of the prolongation approach.
• This may seem only as a matter of esthetics, but in the Lagrangian case the Tulczyjew triple
approach seems to be simpler. Indeed, in order to obtain the equations of motion we use a
canonical object EE and a non-canonical one dL, whereas in the prolongation approach we
need two non-canonical objects ωL and dEL.
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A Proofs of some results
Details of the proof of Lemma 3.1. Let us prove that formula (3.4) provides a reasonable definition
of dT
PEΞ.
First, note that an element ζ ∈ C∞(P ) ⊗ Sec(E∗) may have many presentations in the form
ζ = fi · e
i, with fi ∈ C
∞(P ) and ei ∈ Sec(E∗).2 Let us calculate an evaluation of a 2-T PE-
form dT
PE [(πE)
∗ζ] = dT
PEfi ∧ (πE)
∗ei + fi(πE)
∗
[
dEei
]
on a pair of vectors (e,X), (e′,X ′) ∈
(T PE)p. With some abuse of notation let us extend these elements to local sections (e,X), (e
′ ,X ′) ∈
Sec(T PE) such that e = π∗e˜ and e′ = π∗e˜′ for some e˜, e˜′ ∈ Sec(E) (i.e. sections e and e′ are
constant on fibers of π, so they project to sections e˜ and e˜′ of σ). Now
[
dT
PEfi ∧ (πE)
∗ei + fi(πE)
∗
[
dEei
]]
((e,X), (e′ ,X ′)) =
X(fi)
〈
ei, e˜′
〉
−X ′(fi)
〈
ei, e˜
〉
+ fid
Eei(e˜, e˜′)
(1.4)
=
X(fi)
〈
ei, e˜′
〉
−X ′(fi)
〈
ei, e˜
〉
+ fi
(
ρ(e˜)
〈
ei, e˜′
〉
− ρ(e˜′)
〈
ei, e˜
〉
−
〈
ei, [e˜, e˜′]
〉)
=
X
(
fi
〈
ei, e˜′
〉)
−X ′
(
fi
〈
ei, e˜
〉)
−
〈
fie
i, [e˜, e˜′]
〉
= X
〈
ζ, e˜′
〉
−X ′
〈
ζ, e˜
〉
−
〈
ζ, [e˜, e˜′]
〉
,
where the passage to the last line is due to the fact that Tπ(X) = ρ(e˜) and Tπ(X ′) = ρ(e˜′). It is
now clear that this expression does not depend on the chosen decomposition of ζ . Moreover, we have
proved the following formula:
(A.1) dT
PE [(πE)
∗ζ]((e,X), (e′,X ′)) = X
〈
ζ, e˜′
〉
−X ′
〈
ζ, e˜
〉
−
〈
ζ, [e˜, e˜′]
〉
,
where the extensions e˜ and e˜′ are as described above.
Finally, since the kernel of (iP )
∗
consists of elements of T∗M , the decomposition
Ξ = (πE)
∗ζ + (ρP )
∗
θ
2From now on the Einstein’s summation convention is assumed.
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is determined up to aC∞(P )-span of one-forms onM . Thus we are left with checking if (πE)
∗
[
dEξ
]
=
−(ρP )
∗
[dθ] for ξ = ρ∗α and −θ = (TP )∗α for α ∈ Ω1(M). For sections (e,X), (e′,X ′) ∈
Sec(T PE) as before, we have
(πE)
∗
[
dEρ∗α
]
((e,X), (e′ ,X)) = dE(ρ∗α)(e˜, e˜′)
(1.4)
= ρ(e˜)α(ρ(e˜′))− ρ(e˜′)α(ρ(e˜))− α(ρ[e˜, e˜′]) .
On the other hand, since Tπ(X) = ρ(e˜) and Tπ(X ′) = ρ(e˜′),
(ρP )
∗
[d(Tπ)∗α] ((e,X), (e′,X ′)) = d(Tπ)∗α(X,X ′) =
dα(Tπ(X),Tπ(X ′)) = dα(ρ(e˜), ρ(e˜′)) = ρ(e˜)α(ρ(e˜′))− ρ(e˜′)α(ρ(e˜))− α([ρ(e˜), ρ(e˜′)]TM ) .
By the almost-Lie condition (1.3) the two above expressions are equal, which shows that the deriva-
tion dT
PE is well-defined. Finally note that by construction the new anchor ρP is an algebroid
morphism, i.e. the construed algebroid structure on T PE is almost-Lie – cf. the remark following
Definition 1.3.
Proof of Theorem 3.3 First let us observe that µE = (πE)
∗ idE∗ , where idE∗ : E
∗ → E∗ is the
identity map. Since, ΩE = −d
T E
∗
EµE , formula (A.1) gives us
(A.2) ΩE((e,X), (e
′,X ′)) = ι[e˜,e˜′] −X(ιe˜′) +X
′(ιe˜) = ι[e˜,e˜′] −
〈
dιe˜′ ,X
〉
+
〈
dιe˜,X
′
〉
,
where e˜ and e˜′ are extensions of (e,X) and (e′,X ′) defined as in the proof of Lemma 3.1 above, and
ιe˜(ξ) =
〈
ξ, e˜
〉
is the evaluation map.
The assertion (3.7) holds if and only if for every (ξ, θ) ∈ E∗×MT
∗E∗ and every (e′,X ′) ∈ T E
∗
E
we have
(A.3) ΩE((υE∗(θ), Λ˜E∗(θ)−Vξ), (e
′,X ′)) =
〈
ξ, e′
〉
+
〈
θ,X ′
〉
.
Actually, it is enough to check it only for covectors θ = dιe˜ and θ = (σ
∗)∗df where e˜ ∈ Sec(E) and
f ∈ C∞(M) are arbitrary, as (at a point) such elements span every fiber of τ∗E∗ : T
∗E∗ → E∗. From
(A.2) we get
ΩE((e˜, Λ˜E∗(dιe˜)−Vξ), (e
′,X ′)) =ι[e˜,e˜′] −
〈
dιe˜′ , Λ˜E∗(dιe˜)−Vξ
〉
+
〈
dιe˜,X
′
〉 (1.5)
=
ι[e˜,e˜′] − ι[e˜,e˜′] +
〈
ξ, e′
〉
+
〈
dιe˜,X
′
〉
=
〈
ξ, e′
〉
+
〈
dιe˜,X
′
〉
,
and thus (A.3) holds for θ = dιe˜. Similarly, since T(σ
∗)(X ′) = ρ(e˜′), we get
ΩE((0, Λ˜E∗((σ
∗)∗df)−Vξ), (e′,X ′)) =ι[0,e˜′] −
〈
dιe˜′ , Λ˜E∗((σ
∗)∗df)−Vξ
〉
+
〈
dι0,X
′
〉 (1.5)
=
ρ(e˜′)f +
〈
ξ, e′
〉
=
〈
df,T(σ∗)(X ′)
〉
+
〈
ξ, e′
〉
=〈
(σ∗)∗df,X ′
〉
+
〈
ξ, e′
〉
,
proving (A.3) for θ = (σ∗)∗df . This ends the reasoning.
A proof of Lemma 3.6 We need to check if for every a ∈ E the following equality holds dEL(a) =
(TλL)
∗RE(dL(a)). Equivalently, we want to prove that for every X ∈ TaE we have
(A.4)
〈
dEL(a),X
〉
=
〈
RE(dL(a)),TλL(X)
〉
.
Note that by (1.1) we haveRE(dL(a)) ∈ TξE
∗ where ξ = υE(dL(a)) = λL(a). Now, by definition
(cf. Subsection 1.1) the pair (dL(a),RE(dL(a))) ∈ T
∗E×T∗E∗ acts on T(E×M E
∗) ≃ TE×TM
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TE∗ as the differential of the canonical pairing
〈
·, ·
〉
: E × E∗ → R. That is, for any X ∈ TaE and
Y ∈ TξE
∗ which have the same TM -projection
〈
dL(a),X
〉
+
〈
RE(dL(a)), Y
〉
= d
〈
·, ·
〉
(X,Y ) .
Taking Y = TλL(X) (check that the TM -projections agree) leads to〈
RE(dL(a)),TλL(X)
〉
= d
〈
·, ·
〉
(X,TλL(X)) −
〈
dL(a),X
〉
.
Now, as EL(a) =
〈
a, λL(a)
〉
− L(a), the right-hand-side of the above equality clearly equals〈
dEL(a),X
〉
, and hence (A.4) holds.
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